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INTBODU&IGM 

In  their  discussion  of  pavement  warping  on  ti 

Road,  Teller  end  Sutherland  (5)*  state: 

"The  relation  between  the  warping  of  the  slab  and  the 
distribution  of  reactions  is  readily  apparent*  In  • 
ncraing  v&th  tho  edges  of  ths  slab  warrawi  upward, 
est  ^subgrado,*  pressure  measured  was  in  the  interici 
pressure  toward  the  edge  being  at  its  minimum  at  t      ma 
During  the  day5  as  the  upper  surface  of  th^  slab  o: 
is  a  complete  relief  of  the  high  pressure 
region  and  a  development  of  a  maximum 
exceeding  the  maximum  previously 
50  percent „ 

Both  the  warping  data  and  the 
the  possibility  of  an  actual  lift! 
the  subgrade  as  the  edges  warp  d< 

Harr  and  Leonards  (1)  have 
for  warped  slabs  to  allow  for  the  possibili 
in  only  partial  sxipport  of  the  slab  by  the  fc 
solution  was  obtained  for  the  esse  whei 
moisture  contents  increase  linearly  witl 
recently 9   Leonards  and  Harr  (2)  expa  leory  t 

effects  of  super!     \   uniform  loads.  ,\ 

and  point  loads 0  In  their  ear]  the 

basic  theory  be  amplified  to  study  tha 
support  induced  t  peratures  and/or 
with  the  depth  of  the  slaba 

In  this  paper,  solutions  have  be 
stresses  and  degree  of  support  of  conor       ©nts  si 
temperatures  and/or  moisture  contents  wl 
depth  of  the  slab.,  and  are  of  sufficie:      itude  to  i 
portion  of  the  slab  off  its  foundation,.  Data  from  * 
ment  on  a  12 q   x  25'  slab  are  reported  and  compared  wi 
from  the  new  theory* 


ers  in  parenthe  =i    "er 


•kw 


- 

THE( 

tub  an  Lth  '   i 

tion  of  the  foundation  at 

til  "  it  ., 

11  in  corapari  son  with  ita  : 
jt. 

i  are  thos  due  to  gravity  only0 

31?  I   change  rid/or  n 

the  slab  bi 
*r  and  lower  slab 


jpsd  herein  pertains  to  the  c;      re 
c  content  decrease  line 
the  ed     C  the  pavement  will  tend  to  \i 
;  -   two  zones  (Fi;    .  )  with  the  inner 
X)  being  a  uniformly  loaded  slab  unsupported  by  the  foun~ 

•  continuity  require  that  along  the  circle  of  radius 
stion.}  slo     tiding  moment,  and  shear  of  both  the  inner 
outer  portions  be  equal» 
As  the  load  and  reactive  forces  are  symmetrically  disturbed  about 
an  axis  perpendicular  to  V.he  slab  through  its  center,  both  the  slope 
and  the  shear  at  the  center  of  the  slab  must  bo  zero, 

assumptions,  boundary  conditions,*  and  symmetry  may  be  sumrr.orized 
as  follows  (nomenclature  is  listed  in  Appendix  I): 


■ 


»  (0)  -  0 

b)  Vx  (0)  -  0 

cj  >)  -  0 

d)  •  0 

0  c  o 

,  '  (b)  «  w2«  (b) 
;  *  Kj  (b) 
?3  (b, 

(0}  -  0 

isted  atove  to  the.  governing  differ. 
s  and  deflections  in  the  slab  ar:     Lned 

RESULTS 
■  ease  for  uprffrd  warping;  a  prohibitive  amount  of  work 
mating  the  constants  and  obtaining  an  explj 
Lther  the  stresses  or  deflections  in  terms  of  the  slab 
Hence j  a  high  speed  computer  was  used  to  ;d 

na  wars  solved  for  deflections  and  maximum 
■'.  atrss:     v  various  novrbinstions  of  the  foil 
E»3s  ID6.  4  x  106.,  5  x  iO6  psi 
a  «  120",  150",  160",  210",  240" 
n  -  6"  5  6",  10",  12",  14",,  13",  30"  >  10' 
K  «  100,  200,  400.  pel 
a,  *  6  x  10"*  inches  per  inch  per  degree  F 


S 


«*>  0.15 


- 

I 

. 

■'i   slab 

O  Calc 

-  ,-s  is  show  dotte 
*■■   30°F  are 
lality  of  the 
■-lulus  of  elasticity 

DISCUSSION  OF  tS 

The  assure  b  was  - 

i 
slabs  of  a  size  of  interest  in  the       of  concrel        is* 

The  no-support  condition  unci 3 r  the  central  portion  of  the  slab 
(zone  1$   Figure  l)  imposes  a  necessary  but  insufficient  condition.  In 


- 

rd  displacement  of  the  center  of  the  slab 
line  would  ba  resisted  by  the  bf.se,.  In  the  theoret; 
>r  the  central  portion  of  the  sl?b  fco  be  balow 
and  line  for  two  conditions;  l)  when  a  large  port 
id  the  slab  is  sufficiently  £~. 

beneath  the  original  ground  li 
ore  gradient  is  insufficient  to  lift  any  p; 
dnal  ground  line  Thus.,.  It  was  necessary 
lection  at  the  center  of  the  slab  be  above  the 

;:,  (0)  «  Oj  o  This  condition  accounts  for  the 
■ige  of  some  of  the  effective  temperature  curves  in  Figures 
'-\        For  e      ;  for  a  slab  radius  a  240"  s   E°3x  10     p 

■)>  thicknessess  of  less  than  li;."  and  effective 
.     ices  between  slab  surfaces  of  30°F  or  less,  the 

center  of  the  slab  is  below  the  ground  line  snd  the 
Invalid 0  For  the  same  conditions  vdth  a  large  slab  thi 

temperature  difference  of  20°F  ±:y  insufficient  to 
of  the  slab  to  w?rp  up  to  the  ground  lineo 

COMTAHTSOM  V.1TH  OTHER  THEORETICAL  DATA 
ig  stresses  in  slabs  subjected  to  upward  warping  with  the 
in  downward  warping,  it  is  found  that  for  equivalent  slab 
ameters  and  effective  temperature  differences^  the  maximum  stress 
in  the  former  case  Is  generally  sore  v. 'hat  higher  than  in  the  latter  0  A 
typical  comparison  is  shown  in  Table  1„  It  is  apparent  that  the  difference: 
in  maxhraim  radial  stresses  rre  not  great s   and  both  downward  and  upward 
warping  can  be  about  equally  de struct! ve0 
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T.AHLE  I 


axison  of  Theoretical  Data 
Tor  Different  Size  Slsbs 


5,000,000  pal 
-  100  pel 
T  -  30°F 


..;—" 


,-635 
,510 
.350 

u250 


=450 
.355 
o245 
,135 


III 

■t?;t 

29  *2 

30,0 
26,0 


~?3o~ 

.745 

.590 
..450 


PITH  OBSERVED  MEASUB 
In*  poriiland  cement  Generate  slab  was  c 
ant  3ubbe.se  by  the  Portland  Consent  Association  at  t3 
ie,  111.,  laboratory*  The  slob  was  instrumented  to  measure  temperatures^ 

3  of  unsupportj  and.  was  continuously  inundated 
of  moisture  gradient s0  Temperature  differences 
surfaces  were  induced  either  with  an  ice  slush  or  by  ci: 

it   the  surface  of  the  slab*  Temperatures  and  deflec~ 
red  continuously  until  a  linear  temperature  variation 

Dnic  modulus  of  the  concrete  in  the  slab  was  evaluated  to 
3  initial  modulus  of  subgrade  reaction  for  the 
soil  ci:  :<.sured  to  be  between  360  and  l> 00  pci. 

Three  types  of  deflection  readings  were  taken:  1}  movement  of 
the  slab  relative  to  the  subbase,  2)  movement  of  the  slab  relative  to 
bridge  above  the  slab  surface  supported  on  the  floor  of  the  laboratory, 


*fj.  Is     for  upward  warping* 
**  II  istf-/Mr  for  downward  warping, 
*hh*  in  ia  percent  difference  L(I-H)AJ  *  100 


the  top  of  tl  t  lj!i 

Figur . 

def]        dotted  curve.)  ere  compared 
wit,  .ons  (solid  curve)  f 

3  of  the  rectangular  slp.b,, 

a  :•  icity  of  4^500^ COO         dolus  0 

and  an  el  insar  t 

I  of  the  Elabj  of  21  ;red 

sompa  .  def lee 

,ty  - 

and  an  effoctiva  lii 

lab-  oJ 
a  the  mei    id  and  , 
i  and  9 5  offer 3  s 
eory  ss  applied  to  linear  temper  r 
•ee  edges,, 

ante 
ion,-  Van  (5)  : 
differences  in  the  daytime  (particularly  in  the  summer  a     -he  sun 

:e  of  an  8       reach  a  maximum  cf  4°F  per  inch 
of  depth *  Inspection  of  Figures  4A  to  41  reveals  that  effective  ten 
erature  di 

encountered  in  r  --.ch 

approach  uhe  ;  iulus  of  rupture  of  the  slabs*  Thus,,  damag     rping 
stresses  are  likely  to  develop  only  -with  a  critical  combination  of 
- 


if  ' 


CONCLUSIONS 

b;  sia  cf  the  assumptions  3tPtad  her 
tions  pport  of  concrete  pavements  subject  to 

caused  by  linear  ambient  temperature  and/  or        variation  can 

calculated 0     Comparison  with  measureme        undor  cont 
conditions  shows  that  the  theory  is      under  these 
20       r.ture  and  moisture  gradients  encountered  in  practlca, 
line  that  their  effects  are 
pr<  ?sses  which  may  -.    - 

ay  slabs o 
30  l  of  concrete  | 

via'.  Lag  conditions  of  unsupport*  be  evaluat 

tplished  until  data  becomes  available 
of  which  the  critical  moisture  gradients  that  in;         in 
jtice  (end  the  volume  changes  that  arise  therefra     .  be 
evaluated. 
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APPENDIX  I 
Nomenclature 
Ls  in  parentheses  represent  the  dimensions  of: 


«  i'c 


L  ■ 


lection,  positive  in  the  downward  direct:' 
q  -  ibuted  load  due  to  weight  of  slab  (F/l/2) 

K  =  Kodulus  of  subgrade  reaction  (F/tr) 

2 

p  *  reaction  of  3ubgradas  p  =  Kw,  (F/L  ) 

h  :         jkness  (L) 

yd  ^n{3  ratio 

E  «■  Xoung5  a  modulus 

D  «  =  the  flexural  rf.gi<:     "  the  s3 

12 

j  ■■■-   radius  of  relative  stiffness  (2.) 

-  linear  coefficient  of  thermal  expansion  (iT   ) 

T  ■•  mature  difference  between  upper  ;  isrfaces 

r  ■  .stance  (L) 

b  -  1  distance  to  point  of  zero  deflection  (L) 

b 
V 

"^   a  slops  at  point  r 

.    „  f  d\r      yU.  dxf    ,  «4 1  t/O  T  7 

M(r)  »  ~D    T7  +««7-+  r 

'   '  L  di*6      r  dr  h  J 

«  radial  bending  moment  at  point  r  (see  ref 0  3  )s  (FL/L) 

vf   •         n  f  d     n2    wl   «  shear  at  ooint  r  (see  ref  ,  3),   (F/L) 

v  r  J 


■ 


. 


I      Mir)/ 

|      "gs^-fn  normal  radial  stress  at  point  r,  positive 

on  (FL"^) 

B  i*ad  bress  at  center  of  slab  (FL  ) 

C  -■        i  Lcieui 

Esel  functions 

derivative  of  2^  (  p ) 


I    d  s 

«  ■    an        «-*»      J 

dv  r  dr  * 

In  -  ni  farithm 


w 


*&> 


APPENDIX  II 
ral  differential  aquation  for*  the  deflection  of  a  tl 
>ting  on  en  elastic  foundation  is  given  (4) 

on  of  equation  (l)  vras  obtain  c  (L) 


;p)*c6z2(P)  +  c7z3(f)  +  cGz    . 


w3iere  the  plate  is  unsupporte 

V  w  a  "§-  * 

Lution  cC  equation  (3)  is  give; 

;--  C,    +  C.-l:i  y        .    .2  +  C.S^ln  r  +  Ql'k 

13  4 

Solution  .of  .Prob: 

16  listed  on  page  "  ■ 
for  £'  actions  in  the  slab 

■ 

vol*  (r*-  (r*+bx)\ 

For    k~  &!kf&& 


• 


■ 


"1A- 


viiera  C  9  G  „  C  3  C  a  C  ,  and  T  may  be  obtained  from  the  following 
3  6      7° 

equation 


Ci-  z, ft)  *-  a  2=2  ^)  *■  o?  2?{<g)  +  Cs24(?)  -  -/ 


Csr  2*(fi)-Cs  Z',<0)  +  C7  ?;  fp)  -  Cs  Zjfy  «    £7 


O-  2*  (V/  -  Ct2t'W)  +   C?^  dp)  -  £$  z£ffl 


-£5~ 

The  problem  was  programmed  using  the  Purdue  Compiler  for  the 
Datatron  204  digital  computer. 

The  Baasel  functions  Z^  ( p  )  and  Z2  (  p )  and  their  first  deriva- 
tives v     ymputed  from  standard  librai*y  subroutines.  The  Hankel 
functions  2  (p  )  and  Z  (p)  J'-nd  their  first  deri%fatives  wore  interpolated 
from  tabular  values  stored  in  the  main  memory  of  the  computer* 

The  main  program  was  written  with  b,  the  radial  distance  to  the 
point  of  aero  deflection^  as  the  independent  variable;  and  Tg   the 

effective  temperature  difference  between  the  slab  surfaces,,  as  the 

1) 
dependent  variable0   Thus,  by  introducing  a  set  of  parameters 

(K,  a,  E,  and  h),  the  computer  would  solve  for  T  corresponding  to  a 

given  value  of  b^  and  then  print  out  the  stress  and  deflection  at 

equal  radial  increments  across  the  slab,,  Repeating  the  cycle  for 

increasing  (or  decreasing)  values  of  bt   the  stresses  and  deflect:; 

were  obtained  for  a  wide  range  of  temperatures 0 


n~ — 

The  program  is  on  file  at  the  Statistical  laboratory*  Purdu: 
Lafayette,  Indiana 
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